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ATA High Fidelity Gravitational Field Model

I) Introduction


Objects moving near the Earth are affected by a number of forces and perturbations to these forces. In order to accurately predict the motion of these objects, these forces and perturbations must be accurately modeled. Among these forces is the Earth’s gravitational field. The largest perturbation to the Earth’s gravitational field is produced by Earth oblateness. But there exists much smaller perturbations to the gravitational field. They have a small, but measurable effect on objects moving near Earth. 

This paper presents Earth’s gravitational field model using spherical harmonics. The full gravitational potential function is expressed as follows:
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Where:
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- Distance from geo center to object
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 - Geocentric latitude of object
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 - Longitude of object

[image: image5.wmf]R

 - Equatorial radius magnitude of Earth
The term “full gravitational potential” was used because it is this author’s experience that much of the literature simply provides the potential due to perturbations, and this causes confusion. This function provides gravitational potential in an Earth fixed reference frame such as the International Terrestrial Reference Frame (ITRF). The ITRF has the center as the center of mass of the earth (including oceans and atmospheres). The x axis is the intersection of the mean equator, and the mean prime meridian. The z axis is the mean spin axis of the earth between 1900 until 1905 (Conventional International Origin - CIO). n is referred to as the degree of the model, and m is referred to as the order. Pnm are the associated Legendre functions with argument
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, and will be discussed later.

Cnm and Snm are the spherical harmonic coefficients. In the above series expansion, when the order equals 0 (m = 0), the coefficients are referred to as zonal harmonics. These describe the variation in the Earth’s gravitational field due to latitude. The largest variation, as discussed earlier, is due to oblateness.


[image: image7.wmf]20

2

C

J

-

=

 Eq-2
It is orders of magnitude larger than the other coefficients (C20 = -1.0826266836e-003; C21 = -2.414e-010), and for many applications, it is sufficient to only model J2. When n = m, the coefficients are referred to as sectorial. Sectorial harmonics account for the gravitational field variation in longitude. The coefficients are referred to as tesseral harmonics when m
[image: image8.wmf]¹
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0. They divide the Earth sphere into a checkerboard array or tiles (Hence the name, tesseral). Degree and order of the models used in practice depend upon the application. The shuttle uses degree and order 8 for on-board navigation. SEASAT uses degree and order 36 for precise orbit determination.
II) Acceleration 


In order to accurately predict an objects motion near Earth, all of the accelerations acting on the object must be accounted for and numerically (typically) integrated. These accelerations form the equations of motion. Therefore, the gradient of the above (Eq-1) expression for gravitational potential must be taken in order to find the expression for acceleration due to gravity. The task is much more tractable in spherical coordinates, but the acceleration is usually needed in Cartesian coordinates where numerical integration is typically carried out. Therefore, the chain rule must be applied. The acceleration due to gravity in a body fixed reference frame is (reference: Fundamentals of Astrodynamics; David A. Vallado):
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Eq-3
The meaning of an expression like 
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will be explained and derived later.

For the first component of the gradient (with respect to r), we can rewrite the expression of the potential as:
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  Eq-4
The calculus chain rule can be applied to the second part of Eq-4.
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Eqs-6
For the second component of the gradient (with respect to
[image: image15.wmf]f

)


[image: image16.wmf](

)

(

)

(

)

[

]

å

å

¥

=

=

+

¶

¶

÷

ø

ö

ç

è

æ

=

¶

¶

2

0

sin

cos

sin

n

n

m

nm

nm

nm

n

m

S

m

C

P

r

R

V

l

l

f

f

f

 Eq-7
For the third component of the gradient (with respect to
[image: image17.wmf]l

)


[image: image18.wmf](

)

(

)

(

)

[

]

(

)

(

)

(

)

[

]

å

å

å

å

¥

=

=

¥

=

=

-

÷

ø

ö

ç

è

æ

=

¶

¶

+

-

÷

ø

ö

ç

è

æ

=

¶

¶

2

0

2

0

sin

cos

sin

*

cos

*

sin

sin

n

n

m

nm

nm

nm

n

n

n

m

nm

nm

nm

n

m

C

m

S

m

P

r

R

r

V

m

m

S

m

m

C

P

r

R

r

V

l

l

f

m

l

l

l

f

m

l

 Eq-8
For the partial derivatives of the spherical coordinates (
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Recall from calculus:

Let 
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 Eqs-11
Therefore:
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Eqs-12
Similarly partial with respect to y:
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With respect to z:
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Recall from calculus

Let 
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Therefore:
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Partial with respect to y:
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Partial with respect to z
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 Eqs-20

Note that there is a singularity in the above expressions directly over the poles (x = y = 0). Though it is highly unlikely that such an event would ever occur, a comprehensive computer program must deal with such an event, especially in a real-time system where an exception could have serious repercussions.

The above model gives the acceleration in a body fixed frame of reference. The equations of motion are typically integrated in an inertial frame like ECIJ2000. The conversion from a body fixed frame to an inertial frame will be discussed later.  

III) Associated Legendre Functions


As stated earlier, Pnm are the associated Legendre functions. The associated Legendre functions are obtained from the Rodriguez formula.
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   Eqs-21
Expressions from the first formula in Eqs-21 are referred to as Legendre polynomials. Expressions obtained from the second formula are referred to as the associated Legendre functions.  The associated Legendre functions should be computed recursively, in order to be efficient. One such method for doing so is as follows (Reference: Satellite Orbits; Montenbruck and Gill):  
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 Eqs-22
For the second equation in Eqs-22 the index ranges from m = 1 to m = desired degree. For the third equation in Eqs-22 the index ranges from m = 0 to m = desired degree - 1. For the fourth equation in Eqs-22 the index ranges from n = 2 to desired degree and m = 0 to n – 2 for each n.
The partial derivatives with respect to 
[image: image43.wmf]f

 of the associated Legendre functions must also be computed to support Eq-7. They can be computed recursively as follows:
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 Eqs-24
The index ranges are the same as above.

The associated Legendre functions to degree and order 4 are provided here for the reader’s convenience (reference: Vallado).
	Order
	0
	1
	2
	3
	4

	Degree
	
	
	
	
	


	0
	1
	
	
	
	

	1
	Sin()
	cos()
	
	
	

	2
	½(3sin2()-1)
	3 sin()cos()
	3cos2()
	
	

	3
	½(5sin3()-3sin())
	½ cos()(15sin2()-3)
	15cos2()sin()
	15cos3()
	

	4
	1/8(35sin4()-30sin2()+3)
	5/2 cos()(7sin3()-3 sin())
	15/2 cos2()(7sin2()-1)
	105cos3()sin()
	105cos4()


The partials with respect of the associated Legendre functions to degree and order 4 are also provided here for the reader’s convenience. 

	Order
	0
	1
	2
	3
	4

	Degree
	
	
	
	
	

	0
	0
	
	
	
	

	1
	cos()
	-sin()
	
	
	

	2
	3sin()cos(
	-3 sin2()+3cos2()
	-6cos()sin()
	
	

	3
	½(15sin2()cos()-3cos())
	15cos2()sin()-15/2sin3()+3/2sin()
	15cos3()-30cos(sin2()
	-45cos2()sin(
	

	4
	1/8(140sin3()cos()-60sin()cos())
	105/2 cos2()sin2() – 15/2 cos2()-35/2 sin4()+15/2 sin2()
	105 cos3()sin()-105 sin3()cos(+15cos()sin()
	105cos4()-315 cos2()sin2()
	-420cos3()sin(



The above recursion relationships can loose accuracy for higher degree and order models. Therefore the associated Legendre functions and spherical harmonic coefficients are usually normalized for higher degree and order models. Note that both the associated Legendre functions and spherical harmonic coefficients must be normalized if either one of them is normalized. For a complete discussion of normalization, refer to Vallado or Montenbruck and Gill. 

IV) Inertial Frame of Reference


As stated earlier, the equations of motion are typically integrated in an inertial frame of reference. A truly inertial frame of reference is difficult to actualize in practice. Therefore, for high fidelity results, a quasi-inertial frame of reference like ECIJ2000 is used. The transformation from a body fixed frame like ITRF to ECIJ2000 is very complex. It is not the intent of this paper to fully discuss such a transformation, but the basics will be provided here. For an in-depth discussion, refer to Vallado or Montenbruck and Gill.


The transformation from ECIJ2000 to ITRF is composed of 4 parts (matrices).  The first matrix accounts for the combined effects of precession (mean motion) on the orientation of the ecliptic (Earth orbital plane around the sun), and the Earth equator. The second matrix is nutation. This matrix accounts for small periodic perturbations to the Earth’s rotation axis and the ecliptic. The matrix is computed from two angles; nutation in longitude, and nutation in obliquity. These angles are computed from a 106 term Fourier series expansion. Note that these angles can be obtained from the JPL tapes. This would be a much faster method of computing the nutation matrix in a computer program for something like high fidelity orbit propagation. The third matrix accounts for polar motion (sometimes referred to as polar wander). Since the Earth’s angular momentum vector is not aligned with its rotation axis, the point where the rotation axis intersects the Earth’s crust moves with time. This motion is tracked by the International Earth Rotation Service (IERS) and is provided via bulletins in the form of two angles which are used to compute the polar motion matrix. The forth matrix accounts for Earth rotation relative to the true Vernal Equinox. This is called Greenwich Apparent Sidereal time (GAST). It is computed from Greenwich Mean Sidereal Time (GMST) through the equation of the equinoxes. The complete transformation to go from inertial to body fixed coordinates is:
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Where:

P – Precession

N – Nutation
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- Polar motion

Therefore, to transform the acceleration due to gravity from body fixed coordinates to inertial coordinates:
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T denotes the transpose of a matrix.

V) Spherical Harmonic Coefficients


The un-normalized spherical harmonic coefficients (EGM96) to degree and order 12 are given here for the reader’s convenience.
Degree
Order

Cnm



Snm
0

0
0.0000000000e+000
0.0000000000e+000
1

0
0.0000000000e+000
0.0000000000e+000
1

1
0.0000000000e+000
0.0000000000e+000
2

0
-1.0826266836e-003
0.0000000000e+000
2

1
-2.4140000000e-010
1.5431000000e-009
2

2
1.5744603746e-006
-9.0380380664e-007
3

0
2.5326564853e-006
0.0000000000e+000
3

1
2.1926385292e-006
2.6842489030e-007
3

2
3.0898920688e-007
-2.1143761244e-007
3

3
1.0054877806e-007
1.9722255901e-007
4

0
1.6196215914e-006
0.0000000000e+000
4

1
-5.0879936040e-007
-4.4914487284e-007
4

2
7.8417585984e-008
1.4817786830e-007
4

3
5.9209940263e-008
-1.2007766763e-008
4

4
-3.9840741177e-009
6.5257142537e-009
5

0
2.2729608287e-007
0.0000000000e+000
5

1
-5.3180301501e-008
-8.0858694766e-008
5

2
1.0558716839e-007
-5.2329193622e-008
5

3
-1.4930063749e-008
-7.0973423689e-009
5

4
-2.2993002901e-009
3.8671233585e-010
5

5
4.3082246205e-010
-1.6481826263e-009
6

0
-5.4068123911e-007
0.0000000000e+000
6

1
-5.9865669865e-008
2.0684117508e-008
6

2
5.9929123854e-009
-4.6493035708e-008
6

3
1.1854207265e-009
1.8716368504e-010
6

4
-3.2636177805e-010
-1.7845028501e-009
6

5
-2.1559410691e-010
-4.3298133716e-010
6

6
2.2543497083e-012
-5.5260936645e-011
7

0
3.5235990842e-007
0.0000000000e+000
7

1
2.0484599532e-007
6.9850309643e-008
7

2
3.2843270268e-008
9.2696711381e-009
7

3
3.5270915156e-009
-3.0594388049e-009
7

4
-5.8421357700e-010
-2.6289384269e-010
7

5
6.8577810114e-013
6.2777817192e-012
7

6
-2.4908164352e-011
1.0535693035e-011
7

7
2.0254429666e-014
4.5340422718e-013
8

0
2.0479946699e-007
0.0000000000e+000
8

1
1.6040395980e-008
4.0548028997e-008
8

2
6.5952039129e-009
5.3730194921e-009
8

3
-1.9398888891e-010
-8.7295458851e-010
8

4
-3.1925171379e-010
9.1394314929e-011
8

5
-4.6218396578e-012
1.6135329598e-011
8

6
-1.8359236594e-012
8.6366194642e-012
8

7
3.4307029080e-013
3.8112397028e-013
8

8
-1.5818859591e-013
1.5365129480e-013
9

0
1.2061696737e-007
0.0000000000e+000
9

1
9.3171233394e-008
1.4089637608e-008
9

2
1.5397345262e-009
-2.2317740536e-009
9

3
-1.2153648539e-009
-5.6099844657e-010
9

4
-7.7032013365e-012
1.6658431495e-011
9

5
-1.6995464468e-012
-5.5345378848e-012
9

6
8.2783720389e-013
2.9433001750e-012
9

7
-2.2559276001e-013
-1.8394712937e-013
9

8
6.1591597709e-014
-1.0085697115e-015
9

9
-3.6785128441e-015
7.4453305369e-015
10

0
2.4114543863e-007
0.0000000000e+000
10

1
5.1603004729e-008
-8.1141014003e-008
10

2
-5.6034835287e-009
-3.0668373115e-009
10

3
-4.0223770950e-011
-8.9653667772e-010
10

4
-4.9517773507e-011
-4.6693215835e-011
10

5
-3.0630989932e-012
-3.1374377008e-012
10

6
-2.6090099640e-013
-5.5227049894e-013
10

7
6.8301999716e-015
-2.8334683581e-015
10

8
4.6381727681e-015
-1.0523147898e-014
10

9
2.3317987965e-015
-6.9961808491e-016
10

10
4.1772966603e-016
-9.9779683905e-017
11

0
-2.4440214832e-007
0.0000000000e+000
11

1
8.9544911883e-009
-1.5856402534e-008
11

2
9.6461909985e-010
-5.1293194375e-009
11

3
-1.4292765600e-010
-6.8325577977e-010
11

4
-1.6403678934e-011
-2.6807504373e-011
11

5
1.5033237852e-012
1.9683806617e-012
11

6
-4.6752016664e-015
1.3582015660e-013
11

7
1.7090417010e-015
-3.7300324544e-014
11

8
-2.8504057366e-016
1.1621938347e-015
11

9
-1.9323274940e-016
2.5687933816e-016
11

10
-4.9519909871e-017
-1.7398922953e-017
11

11
9.3127625554e-018
-1.4093469955e-017
12

0
1.8862631828e-007
0.0000000000e+000
12

1
-3.0608560740e-008
-2.4665282245e-008
12

2
6.5228373401e-010
1.4643160370e-009
12

3
1.4676023197e-010
9.0986657924e-011
12

4
-2.1322303573e-011
1.2884525679e-012
12

5
8.2357270160e-013
2.0829099460e-013
12

6
8.0984339961e-015
9.2898116998e-014
12

7
-4.1510766797e-015
7.9093196855e-015
12

8
-5.6359556313e-016
3.7613330242e-016
12

9
1.0247229550e-016
6.1232387408e-017
12

10
-1.8422043869e-018
9.1980758124e-018
12

11
4.9476830262e-019
-2.8055760667e-019
12

12
-2.2400590748e-020
-1.0034566396e-019
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